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Abstract

In structural economic models, individuals are usually characterized as solving a de-
cision problem that is governed by a finite set of parameters. This paper discusses the
nonparametric estimation of the density of these parameters if they are allowed to vary
continuously across the population. We establish that the problem of recovering the
density of random parameters falls into the class of non-linear inverse problem. This
framework helps us to answer the question whether there exist densities that satisfy this
relationship. It also allows us to characterize the identified set of such densities, to obtain
conditions for point identification, and to establish that point identification is weak. Given
this insight, we propose a consistent nonparametric estimator, and derive its asymptotic
distribution. Our general framework allows us to deal with unobservable nuisance vari-
ables, e.g., measurement error, but also covers the case when there are no such nuisance
variables. Finally, Monte Carlo experiments for several structural models are provided
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1 Introduction

Motivation Many structural microeconomic models postulate that individual decision makers
solve complicated optimization problems which are governed by a small number of structural
parameters #. These parameters are fixed for every individual, however, economic theory does
not postulate that they be the same for every individual, and frequently they will differ substan-
tially across individuals. Yet, in most empirical applications, the extent to which the individual
decision makers are allowed to vary is severely constrained to depend entirely on observable
variables, to involve only few discrete types, or to be monotonic in a scalar unobservable. A
very natural way to make this assumption more appealing is to assume that the unobserv-
able parameters # in the individuals’ decision problem form a continuously distributed random
vector, and vary in an unrestricted, nonparametric way across the population. Proposing and
analyzing such an approach is the main innovation in this paper.

To give an example, in the workhorse Euler equation models of the consumption literature,

the consumption function is characterized by the first order condition
8Cu(Ct,9) = E[@Cu(CtJrl,Q)\It] (11)

where u denotes instantaneous utility, C; consumption in period t, Z; is the information set
of the economic agent in period ¢, and 0, denotes the partial derivative with respect to .
The information set Z; consists of observable variables Z; and unobservable variables!. Interest
centers on the distribution of (random) parameters 6, but to not unduly restrict the generality
of the model, we may want to allow for the possibility that there also be unobservable nuisance
variables ¢; in the model. These may enter Z;, e.g., heterogeneous beliefs about the income
process, or they may reflect measurement error (e.g., C; = Cf + &, where C} is the true
consumption and &; is a measurement error). We remark that solutions to problems of the
type displayed in equation (1.1) are often only defined implicitly and have to be obtained
numerically; however, our approach allows us to deal with these cases as well.

In this paper we propose a general framework to analyze a large class of such structural
models. Specifically, we consider all structural economic model characterized by the following
condition

U(C,W,Z,0,¢) =0 (1.2)

where (' is a scalar observable outcome, 6 is a d-vector of unobserved random parameters of
interest, € is an unobservable random variable, W is a k-vector of random variables allowed to

be correlated with 6 while Z is a random [-vector of variables that are uncorrelated with 6.

'Tn order to focus on the essential, we have taken the shortcut to set the interest rate equal to the discount

rate.



Our analysis will cover two cases, one where there is no nuisance unobservable € and one which
includes 2. However, due to the greater generality, we largely focus on the latter. Our model
is structural in that we assume that ¥ is a known function coming from economic theory. Our
aim is to identify and non-parametrically estimate the distribution of § conditional on WW. We
do not require any monotonicity of ¥ in € or #. While our results apply to general structural
models of the form (1.2), we develop further results that apply to the specific examples in order
to fix ideas and motivate the discussion.

The two key notions we pursue in this paper are heterogeneity and knowledge of the struc-
tural equation. When we lack information about the distribution of heterogeneity in the pop-
ulation (for example the density fg‘w) but have knowledge about the structural function ¥,
we can use this knowledge to define a mapping from fu to the population distribution of

observables fowz. In our setting, this mapping is provided by the equation

fewz =Tfow, PV —ae, (1.3)

where the operator T" maps the pdf of random parameters into the pdf of the observable
variables fcjwz. When W can be uniquely solved for C' as a measurable function of the other
variables, the operator 1" can be explicitly characterized in terms of the structural economic
model in (1.2). We will lagely focus on the special case in which ¥ is differentiable, in which
C = p(W,Z,0,¢) denotes a solution of (1.2) for C, given (W, Z,0,¢). If  is invertible in ¢, i.e.

e =¢ Y(w,z,0,c), the operator takes the form

—1 85\11(07 w, z, 07 Qoil(wa 2y 07 C))
80‘11(07 w, =, 97 (p_l(w7 2, 67 C))

fC\WZ(CSU);Z) = / Jewze 0 @ 1SC\WZG<C)f0\W(9;w)d97
)

where f.wzp is the pdf of € conditional on (W, Z,0) and Scywze denotes the support of the
conditional distribution of C' given (W, Z,0). This paper focuses on this integral equation to
characterize identification and obtain estimation of fgy. Given this representation, we can
discuss the issues of existence, uniqueness and stability of the inverse. As a consequence of
the assumption that our structural model is valid, the population value of foyw 7 is an element
of the range of the operator. However, in a finite sample, an estimator for fopwz may not.
Translated into econometric terms, existence will correspond to conditions for at least partial
identification and will allow us to characterize the partially identified set, uniqueness will allow
us to understand the conditions for point identification, and stability will relate to the question
whether we can construct a feasible and consistent estimator, given the complex and high

dimensional nature of the problem.

2For simplicity, we assume throughout this paper that ¢ is a random unobserved scalar; this could be relaxed

without great difficulty.



Contributions relative to the Literature. As already mentioned, this line of works
extends the parametric structural models literature to allow for nonparametric random co-
efficients. This literature is vast; the consumption literature which originally motivated this
research is, for instance, surveyed in Deaton (1992) and [Attanasio and Weber (2010)]. If para-
meter heterogeneity is to be introduced, identification becomes a crucial concern. The question
is whether we can non-parametrically identify the distribution of preference parameters, and if
yes, whether and how we can build an estimator on the identification principle.

To be able to answer this question, we require a nonparametric framework. The nonparamet-
ric features are not economically marginal generalizations. First, we answer the nonparametric
identification question, i.e., clarify where the identifying power of the model emanates from.
Second, we provide insights into when identification is only partial. Finally, we address the
problems that we have in estimation even when the model is point identified. Specifically, we
provide remedies that make consistent estimation feasible. All of these steps are related to
contributions in the literature, and we quickly review them in the following:

First, there is a recent and innovative line of work that discusses identification of random
coefficients in models that are motivated by empirical 10, see in particular Bajari, Fox, Kim and
Ryan (2009), Fox and Gandhi (2010). These models are close in spirit to our approach in terms
of the objectives of the analysis. The key differences are that this line of work focuses largely on
a discrete support for the distribution of random coefficients, and that the identification results
are not constructive. This has the effect that very high dimensional densities are identified
(and estimable). Consequently, this literature lacks a notion that it is difficult to learn about
the infinite dimensional objects of interest from the distribution of the data. Our approach
allows to understand this effect for a large class of models and to construct consistent and
stable estimators.

In terms of econometric models involving random parameters, our approach extends lin-
ear/single index nonparametric random coefficients model, as in Beran, Hall, Feuerverger
(1994), [Hoderlein et al. (2010)], and [Gautier and Kitamura (2010)], to structural models which
arise from economic theory models in a heterogeneous population and are only implicitly de-
fined. In a model where there is no nuisance unobservable ;, our approach is related to their
analysis, as outlined below.

In the case when there is nuisance heterogeneity ¢;, our approach resembles somwhat decon-
volution approaches to modelling unobservables, a line of work that started with the seminal
work of [Heckman and Singer (1984)] henceforth HS. In our notation, it is centered around the
equation

fewz(cw, z) = /@fC|WZ(9(c;w,z,@)f9|w(9;w)d9. (1.4)

In HS’s work - which is about duration analysis - the density foywzo(c; w, 2, 0) is central; it is
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assumed to depend on a finite parameter o which is the main structural object of interest, while
Jopw is a nuisance parameter. Closely related to HS are [Henry et al. (2011)], who focus on esti-
mating foywze(c; w, 2, 0) nonparametrically while restricting ¢ to be finitely distributed, Kasa-
hara and Shimotsu (2008), who also considers finitely many types, and [Bonhomme (2011)],
who like HS aim at estimating a finite parameter of interest ¢ when the exogenous variation
comes from a Panel. This line of work is closely related to mixture models. In contrast to all of
these references, in our model interest centers on fg, and the kernel of the operator in (1.4)
obtains structure from the economic primitives of the model.

The difference in the object of interest makes our work closer related to the inverse problem
literature, see [Carrasco et al. (2007)] for an overview of inverse problems in econometrics. In
particular, recovering the probability density of § nonparametrically from (1.3) is equivalent to
solving a convexly constrained integral equation of the first kind. Unconstrained integral equa-
tions of the first kind have been studied extensively in the literature on nonparametric instru-
mental regression, see e.g. [Florens (2003)], [Newey and Powell (2003)], [Darolles et al. (2011)]
and [Hall and Horowitz (2005)]. While our object of interest is very different from a nonpara-
metric IV regression function, we have some overlap with these references in terms of the tools
we employ. In particular, we use Tikhonov regularization which was introduced by Tikhonov
(1963) and introduced in econometrics by [Carrasco and Florens (2000)], [Florens (2003)] and
[Darolles et al. (2011)], among others.

Our estimating equation is also related to the approach of [Hu and Schennach (2008)], where
instead of unobserved regressors we focus on the unobserved heterogeneity parameters. Never-
theless, our model differs in many aspects from their model - not only because of the different
object of interest (i.e., the distribution of random parameters), or the structural nonseparabil-
ity of the model considered. Our exclusion restriction are fundamentally different from theirs
(e.g., we do not assume conditional independence of C' and Z given 6) and motivated by the
structural economic application. Moreover, in the case of measurement error, we do allow for
correlation between the error and the unobservable of interest 6. Finally, we do not require
injectivity of the operator defining the estimating equation and we are able to estimate the
identified set. More widely related are approaches where the nonseparable function ¥ is un-
known, but monotonic in at least some of its components, as in Evdokimov (2011) or Matzkin
(2003), see Matzkin (2007) for a general overview.

Structure of the Paper. We develop our analysis of the above class of models in the fol-
lowing way. The next section describes our assumptions and notation and discusses our leading
example: the semi-parametric Euler equation. Section 3 provides the main identification theo-
rem. Section 4 discusses estimation by sample counterparts. Finally, we illustrate our approach

with a simulation exercise in Section 5. An application using panel data on consumption panel



constructed from the PSID and the CEX is transferred to a companion paper. Finally, Section

6 concludes. All the proofs are transferred to the Appendix.

2 The General Structural Model

2.1 Basic Definitions and Assumptions

Let (€2, F, P) be a complete probability space and (C, W, Z, 0, ¢) be a real-valued random vector
partitioned into C € R, W € R¥, Z € R!, # € R? and ¢ € R with k, [ and d finite integers. We
denote by B¢, By, Bz, Be and B. the corresponding Borel o-fields in R, R¥, R/, R? and R,
respectively.

We use capital Latin letters for observable random variables and lowercase Latin letters for
their realizations. The unobservable random variables and their realization will be denoted by
lowercase Greek letters without distinction. The first assumption specifies the structural data

generating process (DGP) that we are considering.

Assumption 1. The random element (C, W, Z,0, ) satisfies a structural economic model
V(C, W, Z,0,e) =0 a.s. (2.1)

where ¥ is a known real-valued function. Moreover, we assume that (2.1) has a unique global
solution in terms of C':
C=pW,Z0,¢), a.s.

where ¢ : RFHFHIHL R 45 a Borel-measurable function.

This assumption describes how our structural model links observable variables (C, W, Z) to
unobservable ones (6,¢). We distinguish between three different observable variables: C' is the
classical dependent variable, while W and Z denote variables that cause C'. The distinction
between W and Z is made because some of these causal variables may be correlated with 6,
while others are independent®. The distinction between the unobservable variables 6 and ¢ is
made to separate random parameters of interest 6 from the error term . In our analysis, we
are going to be completely nonparametric about the distribution of #, which is the distribution
of interest, and parametric in the distribution of € in the sense that we allow unknown random

parameters of finite-dimension in the distribution of ¢.

Remark 1 (Local versus global analysis). The second part of Assumption 1, existence of a

unique global solution, is quite strong. However, there are many economic models for which

3This obviously nests the case where all causal variables are independent of 6, a situation that is probably

not as common in structural modeling.



this assumption is verified. We give some examples below. In the cases in which second
part of Assumption 1 is not satisfied our analysis will be valid locally, and not globally, in a

neighborhood of a solution (cg, wo, 29, 0o, £0) of (2.1).

We do not require that the function ¢ is available in closed-form. Given that it exists and is
unique, it can as well be available only in a numerical form. Moreover, we do not require that
¢ is globally monotone in ¢ but it may be only piecewise monotone in . Though frequently
invoked, any monotonicity condition at this stage is rather implausible, and hence this is an
important weakening of assumptions. To account for piecewise monotonicity, we denote by s the
number of solutions in ¢ of the equation ¢ = p(w, 2,0, ) for given (w, z,0). Thus, s is a function
of (W,Z,0), i.e. s:= s(W,Z, 0) and the solutions are €, i = 1,...,s. In principle, s can be
either countable or uncountable but for simplicity we assume that s is a finite number. Let
&1, ..., & be a partition of R such that p(w, z,0,-) : & — R is one-to-one for each i = 1,...,s,
for given (w, z,0). Then, we denote by &' = ¢, *(w, 2,0,) : R — & the corresponding inverse
mapping for given (w, z,0). We write d.0; ' (w, 2,0, ¢) and d.¢(w, 2,0, ¢) to denote the partial
derivatives with respect to C' and € of ; ', i =1,..., s and ¢, respectively, for given (w, z, ).

We introduce a regularity assumption on ¥ :

Assumption 2. The structural function ¥ : RF+442 L R s almost everywhere differentiable
in C and in € with 0.V (c,w,z,0,¢) # 0 and 0-V(c,w, z,0,¢) # 0 except, possibly, on a set of

(c,w, z,0,¢) values whose Lebesgue measure is 0.

The next three assumptions that we introduce concern the stochastic character of the
random vectors (C, W, Z, 0,¢). Under Assumption 1 the random variable C' has a degener-
ate conditional distribution, conditionally on (W, Z, 0, ). The joint probability distribution of
(C,W, Z,0) is completely characterized by the joint probability distribution of (W, Z, 6, ¢). For
our analysis, all we need is knowledge, up to a finite-dimensional parameter, of the conditional

distribution of (¢|W, Z, ). This is given in the following assumption.

Assumption 3. The conditional probability distribution Py ze on B. given (W, Z,0) admits a
Radon-Nikodym derivative f.wz¢ with respect to the Lebesgue measure. This probability density

function (pdf, hereafter) fewze is known, up to a finite-dimensional parameter 6. C 6.

This assumption allows ¢ to depend on all variables in the model but is satisfied also in the
case where ¢ is independent of (W, Z, #), which may be relevant in the measurement error setup.
Note also that, unlike in deconvolution, € does not need to be independent of § since we are not
de-convolving a probability distribution. In general, we can allow for € and # to be dependent
even though in many applications independence is plausible. In other applications, it may be

useful to split the random parameter  into two subparameters (61, f5) and confine dependence
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between £ and 6 to one of the two components of §. Mathematically, this is equivalent to having
the distribution of ¢ that depends on some e-specific heterogeneity parameter. For instance,

2, Thus, p and 0% may be

we could model Py z¢ to be normal with mean p and variance o
functions of (W, Z, 0) or functions of additional parameters that may vary across the population
so that @ is embedded in the vector 6 = (6, j1,0%)" and we recover the distribution of the whole
0.

This allows a great deal of flexibility in structural modeling. By allowing f.jw z¢ to be known
up to a finite dimensional random parameter (a parameter included in the vector 6), we allow
for cases in which very little is known about f.jwze; thus the specification can be very close
to a nonparametric specification for f.wz¢. To give an idea about further weakening: f.jw 7o
could also be a finite mixture of normal pdf where, besides the vector of means and variances,
also the mixture weights could depend on # or be part of 6.

We turn now to consider the joint conditional probability distribution Pozew on Be @ Bz @
Be conditional on W. We assume that this distribution is absolutely continuous with respect
to the Lebesgue measure with Radon-Nikodym derivative fozgw. The conditional probability
distribution Py on Be (resp. Pezw on Be ® Bz) conditional on W admits a pdf fpw (resp.
fezw) with respect to the Lebesgue measure.

We denote by C C R, Z C R and © C R? the supports of Pejzw, Pzw and Pop,
respectively, where Py is the conditional distribution on Bz given W. We consider C, Z
and 6 to be jointly distributed while W can be either continuous or discrete. The marginal
distribution on Byy is denoted by Py and has support W C R*. The joint distribution on
Bz ® Byy is denoted by Pyz. We assume the following;:

Assumption 4. The pdf foywz and fow are strictly positive and bounded on their supports
Pyz-a.s., i.e. 0 <m. < fowz < M. and 0 < my < fow < My for constants m., M., mg, My.

Moreover, the support © of fow does not depend on W.

We conjecture that a setup where some or all of the variables is discrete could be tackled
by similar arguments, however, it is beyond the scope of this analysis as it stands.
The last assumption we introduce is an independence condition and is important for point

identification of the pdf fopw of the structural parameters of interest.

Assumption 5. The random element Z is conditionally independent of 60 given W, i.e. Z L
oW

Under this assumption we can decompose fczow as foywzefow fzyw, where fzy is the
marginal pdf of Z given W. Why do we invoke this assumption, and not a marginal indepen-

dence condition? First, note that assumption 5 would be satisfied if (Z, W) are independent of



f - in this case, all variables would be part of Z and there would be no W. However, in many
structural models, this is too strong an assumption, and only some variables are independent
of the random coefficients, while other cannot be.

In the following, we show that our framework allows to consider various important examples:

2.2 Examples

Example 1 (Linear endogenous random coefficient model). Consider the linear model on indi-
vidual level, where a true outcome C* is determined by a random vector of exogenous explanatory
variables Z1, and a scalar endogenous explanatory variable X . Suppose we have in addition
access to another random variable Zs which acts as an instrument for X in the sense that it
is excluded from the outcome equation, but related to X through a general function ¢ that is
nonparametric in Zi, Zs and a scalar monotonically entering unobservable W. More formally,

our model s

C* - 00+Z{91+X02

where 0 = (0y,07,05) is a random vector of parameters, ¢ is a strictly monotone function in
W, and Z = (Zy, 7). In addition, we allow for a classical scalar measurement error n, i.e.
C = C* +n. We assume that the driving exogenous sources of variation Z are instruments in
the sense that Z L (0,n, W), and we impose the normalization W ~ U [0, 1], and assume for
the moment that n|0W Z ~ N [0,1].

Substituting all elements into the outcome equation, we obtain
C = Z101 + §(Z2, W)02 + ¢,

where ¢ = n + 0y has e|0WZ ~ N[0g,1]. In this model, we are interested in recovering the
conditional density function of 6 given W which, by integrating out W, allows to recover the
density of 0. Note that this model fits precisely into the framework since the function ¢ is known
from the first stage equation alone, and hence the entire functional relationship is known. Note,
moreover, that the distribution of €|0W Z is known as well. At this point, it is obvious that we
could have let the density of n depend on the entire vector 0, or on (W, Z). On top of this, the
density of n may have been coming from a mizture of normals with mixing weights that vary
across the population. In addition, if a validation sample is available, a nonparametric pilot
estimate of fyzw may be plugged in as well. Finally, a modified version of our approach also

allows for the case without 1, as detailed below.



Example 2 (Intertemporal Consumption Model). Consider the absolute risk aversion finite-
horizon intertemporal utility maximization problem with constant interest rates and with income
following a random walk. Specifically, let Ay be a consumer’s assets and Y; be his/her income.
More precisely, A; is the beginning of period assets after having received all interest payments.
Define R = (1 + r) where r is the interest rate which we assume to be non-stochastic. Let
st = (A, Y;) be the state vector and let vy (s;) be the consumer’s value function at date t.
Denote the coefficient of risk aversion by v and let B represent the discount factor. At each

date t < T, the consumer’s value function is defined by

_67’:% + /BE [Ut-i-l (St+1) |It (02)]
subject to
Ut (St) = max
{Cf*} At+1:R(At+1/;_CZ<)
Yo=Y +n,

where 1, ~ N(O,a%). Here, the parameters are 01 = (v,5) and 0 = 0?7. At time t, the
consumer’s information set I;(02) consists of {n,} for all s <t. Let C} be actual consumption
and suppose consumption is measured with error so that observed consumption is Cy = C} +¢,.
Let W, = (A,Y,1) and Z, = Y, — Y,_1. Then this example can be cast precisely into the

framework described above. In terms of the variables (Cy, Wy, Z;) , the Euler equation is
e 7= — BE [0avis (R(WE+WE+Z,— Cy+e) , W2+ Z) |1, (02)] = 0.
The consumption function (with measurement error) takes the form
Cr = 0 W + doy (WP + Z4) +my (7,5,02) + & (2.2)

with

1
my (’y’ 5a 92) = ¢3t + ¢4t7 + ¢5t (92) HTB

The vector ¢, = (P1y, Oop, O3ty Guss Gse) consists of parameters that depend only on R, t and 0
(see, e.g., Caballero (1990)). The vector § = (01,02) = (v,5,07) is assumed to be a time-
mwvariant random coefficient vector, heterogeneously distributed in the population. We assume
that the income process (Y;),_y L 01 and that ¢, ~ N (0,02)

Because 0 is time invariant and determines both past and current consumption and savings
decistons, in general, it will be correlated with W;. Note also, that Y; cannot be used as an
exogenous variable. While it is assumed to be marginally independent of 0. It is not independent
of 6 conditional on A;. Observe, however, that Y; — Y;_1 is assumed to be independent of the
entire history so that our choice Wy = (A, Y1) and Z; = Y, — Y, implies that 6 L Z;|W,,
where Wy = (W}, Z, ).
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Example 3. Consider the independent private value first-price sealed-bid auction model with
risk averse bidders considered in Campo, Guerre, Perrigne and Voung (2009). Let I > 2
denote the number of potential bidders and {v;},—1_ 1 be the bidders’ private values which are
drawn independently from an unknown distribution. This distribution may depend on observed
characteristics Z of the auctioned objects, and hence we write F(-|Z,1). We assume that F(-|I)
is absolutely continuous with density f(-|I) on a compact support [v(I),v(I)] C Ry. Let U(-) be
the bidders’ von Neuman Morgenstern utility function with U(0) =0, U'(-) >0 and U"(-) <0
because of potential risk aversion. Denote by s(-) = s(-; U, F, I) the Bayesian Nash equilibrium
bidding strategy. Then, from equation (1) in Campo et al. (2009), the bidder i’s optimal bid
b; = s(v;) solves the following differential equation:

f(ill)

s'(v;) = (I — >F(U[‘]>>\(Ui —b)

for allv; € [v(I),v(1)], where X(-) = U(-)/U'(+). The boundary condition is s(v(I)) = v(I).
Assume that U(-) is of CRRA type with U(z) = z'=% for 0 < 6, < 1. We assume that
all bidders are symmetic within an auction, but that the preferences may vary across auctions,
e.g., in response to some unobserved auction specific factor that influences the utility. Then,
AMv—="0) = (1—0,)" (v —>) and the bidder i’s optimal bid which solves the previous differential

equation 1s

bi = v; — [F@i)m*%( / [F (0] 1)) 70 du; + / [F (0] 1)] 708 dog Ui_vm). (2.3)

In this example, b; and v; play the roles of C and ¢ in Assumption 1 and the function on the
right hand side of (2.8) plays the role of the function ¢ of our general model. By assuming a

parametric form for the pdf of v; given I, we can recover the pdf of b; conditional on 6 and Z. For

__ 1 I=6
b(I)—b(I) I—-1 °

we could let the pdf of v; depend on additional parameters 05 that could be heterogeneous across

instance, if v; is uniform over [v(I),v(I)], then fyo,(b;61) = Moreover, note that
the population. Another variable that may be unobserved and varying across the population of

auctions s the actual number of bidders.

Obviously, this list may be greatly extended: For instance, we may consider the original
Heckman and Singer (1984) work on duration, where ¢ would be an extreme value distribution.
Alternatively, we may apply our framework to structural labor models of the form studied in
Keane and Wolpin (1997), or to Berry, Levinsohn and Pakes type IO models in the spirit of
Fox and Gandhi (2009). Instead of elaborating on the details, we leave additional applications
of this framework for future research, and turn now to the completion of the definition of the

formal setting of our model.
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2.3 A Hilbert-Space Setting

The natural space for probability density functions is the L! space with respect to the Lebesgue
measure endowed with either the L!- or the Hellinger- metric. Despite this fact, we develop our
analysis in L? spaces with respect to some suitable measures to exploit may of the desirable
properties of Hilbert space operators.

For this purpose, we introduce two non-negative weighting functions on © and C x Z that we
denote by 7y and ., respectively. Define the space L2 (0) (resp. L2 (C x Z)) of real-valued
functions defined on © (resp. on C x Z), and indexed by the random variable W, which are
PW_a.s. square integrable with respect to my (resp. 7..), i.e.,

0 = {sswyie—m |

h(0; W)*my(0)do < 0o, PV — a.s.},
e

L2 (CxZ) = {¢(7 SW):Cx Z2—TR; // (e, 2;W)Pn..(c, 2)dedz < oo, PW — a.s.}.
cJz

For brevity, we denote L2 (©) by L? and L2 (C x Z) by L? . Further, we denote the
scalar product by < -,- > and the induced norm by || - || in both L2 and L2  without
distinction. That is Vhy, hy € L2, < hy, hg >= [ hi(8; W)ha(8; W)mg(0)df and Vo, b, € L2,
<yt >= [ (e, 5 W)hylcs 2, W) (e, 2)do.

Since our analysis is conditional on W, we allow the weighting functions 7y and 7., to be
indexed by W too. The set of conditional probability density functions relevant for our analysis

are denoted and defined as follows

Fow = {f € Lfrg; f(;+) is a transition probability from (R, Byy) to (R, B@)}
Fowz = {f S Lfre; f(;-,-) is a transition probability from (R, By, ® Bz) to (R, Bc)}
Feywzo = { transition probabilities from (R**¢ B,y @ Bz ® Be) to (R, Bc)}.

While Fyy C L% and Fepwz C L2, we do not assume that Foywze C Lx,, x L2, When
this last condition is satisfied, we can provide a simple characterization of the identified set.
However, our estimation method can be used to estimate one element of the identified set even

when this last condition is not satisfied.

3 Identification of the Distribution of Parameters

In this section we use the structural relationship given in 1 to characterize the conditional
distribution of C' given (W, Z) (i.e. observable variables) as a transformation of the conditional
distribution of 6 given W (i.e. unobservable variables). In other words, the structural economic
model describes the direct mapping from the distribution of unobservables to the distribution

of observables.

12



3.1 Linear Integral Equation and Non-Linear Inverse Problem

Given the the direct mapping described above, the econometrician is interested in the inverse
problem of recovering the conditional pdf fow of (0|W) (i.e. the cause) from the distribution

of observables. The following theorem characterizes the structural direct/inverse problem.

Theorem 1. Let Assumption 4 and 5 be satisfied and assume foywz € Feoywz. Then, the

structural probability density function fow is a solution of

fowz=Tfow AN fow € Fow, PV —as. (3.1)

where T is a linear operator defined as Th = f@ fewzo(c;w, z,0)h(0; w)dl, Vh € Lfre and

fewze € Feyw zo.

2
T’

If in addition assumptions 1, 2 and 3 hold then, the operator T' can be rewritten as: Vh € L

80\:[](071’072797()0;1(11}727 97 C)) 1
0.V (c, w, 2,0, 0, (w, 2,0,c)) |

(c)h(O;w)dO (3.2)

Th= / Z(fE|WZQ o gOi_l)(C,’lU,Z,H)
© i=1

where ¢ = p(w, 2,0, ) is the a.s.-explicit solution of Y¥(c,w,z,0,¢) =0 and Scjwze denotes the

support of fowzo-

Note that although the operator 7" depends on W, we use the short-hand notation 7" and leave
implicit the dependence on W'.

The operator T in equation (3.1) is a mixing operator and the theorem characterizes the
object of interest fyr as the solution of a convexly constrained Fredholm integral equation of I
kind. Equation (3.1) states that foywz is a PV as. Joyw-mixture of Few 2o or, in other words,

that fojwz belongs PW_a.s. to the convex hull Mg of Few ze:

fewz € Mg == {h = / fewzo(w, -, 0) fowdd; fow € Fow }
o

Therefore, recovering fo from (3.1) is an (ill-posed inverse problem). The main contribu-
tion of the theorem is the characterization (3.2) of the operator 7" in terms of the structural
quantities of the economic problem. This nice characterization is possible since C' is determined
by 6 through a structural relation.

While the functional form of f 1z must be specified, the specification may allow for uncer-
tainty about the functional form of f. 29 by parameterizing this distribution with unknown
random parameters (i.e. hyperparameters). These parameters can then be incorporated in the
vector . The larger the number of random parameters in f; 1y 24, the less stringent our assump-
tion about the conditional distribution of £ and the more close to a nonparametric approach

We are.
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The function fC‘W—V:ZG is called the kernel of the operator 7. If % € L2 x L2 then the
range of the operator 7' is contained in L2 . In fact, R(T) € L2_ if and only if Vh € L2

e

||Th|| < co. By using the Cauchy-Schwarz inequality we obtain

2 2
IThI2 = // <fC'WZG,h> ﬂcz(c,z)dcdzg// HMH 1A][275 s (¢, 2)dedz
cJz o cJz Ty

|

= |Inl?

(3.3)

where the last norm is the norm in L2 x L2 -space. Thus, fC‘W—V:ZO € L2 x L2 is sufficient for
T to be bounded and compact. In the rest of the paper, we assume that my and 7., are suitably
chosen so that this condition is satisfied. In practice, the econometrician specifies f;jz¢ and my
instead of foywze. Point (i) of the next proposition gives sufficient conditions for compactness

and boundedness of the operator 1" in terms of fw zs.

Proposition 1. Let T' be the operator defined in (3.2) with domain Lfre. The following holds:

(i) if s is finite, |0.¢(w,z,0,¢)| is uniformly bounded from below PV -a.s. and f.wze is

square integrable in (¢, Z,0) with respect to T o) P%_a.s. then, T is a PV -a.s.
c=p(w,z,0,&

bounded and compact operator with range included in L?

Tez’

(i) if feywze € Feywzo, Feywze C L2 x L2, PV-a.s. and mg is strictly positive then, T is

a P -a.s. bounded and compact operator with range included in Lfrcz.

This proposition shows that compactness of 7" depends both on the structural model (char-
acterized by the structural function ¢ and the density f.wz¢) and on the weights 7., and .
Compact operators on Hilbert spaces are quite easy to work with because they have many sim-
ilarities with linear operators on finite dimensional spaces. On top of that, they have appealing
spectral properties and can be approximated by operators with finite-dimensional range that

are norm conver gent .

Remark 2 (Singular value decomposition - SVD). When the operator T' is compact with
infinite-dimensional range (i.e. its kernel is not degenerate) then T*T is characterized by
a countable number of eigenvalues which accumulate only at zero. Moreover, it admits the

following singular value decomposition:
To; = Ny, T*; = N, jEN

where {);}jen and {@;,9;}jen are the sequences of singular values and singular functions,
respectively. The singular values are the nonnegative square roots of the eigenvalues of 7*T" (and
also of T'T™). The set of functions {p;}jen (resp. {9;}jen) is a complete orthonormal system
of eigenfunctions of T*T (resp. of TT™*) which spans R(T*) = R(T*T') (resp. R(T) = R(TT*))

where R(T™) is the closure of the range of the operator 7.
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Proposition 2 (Adjoint of T). Let T : L2 — L2  be the operator defined in (3.2). The
operator T defined as

. . C\Te(c, 2)
T@b—/C/Zfcwzg(c,w,z,ﬁ)zb(c,z,w)—ﬂe(m dedz,

Vo € L2 and fowze € Foywze, is the adjoint of T. The operator T* : L2 — L2 is bounded

and linear.

From now on we denote by 7’|, the operator T' restricted to Fyy,. Thus, if D(-) and
R(:) denote the domain and the range of an operator, respectively, we have D(T|z,,, ) =
D(T) N Fow = Fow and R(T|#,,, ) C Fowz C R(T) C L2 . Following Example 2.4 in
[Carrasco et al. (2007)], the adjoint T|’}9|W of T|#,, is given by T|}9‘W = P.T* where P.
denotes the metric projector onto Fgw .

Notice that Fyy is a convex set and hence the operator T'| Fopw 1S an affine operator, i.e.
T\ 5y + Fow — L7 satisfies: Tz, (1 = N fi + Af2) = (1= NT5,, (A1) + ATz, (f2)
whenever f1, fo € Fow, 0 <A < 1.

Remark 3 (Nonlinear inverse problem). Despite the linearity of 7', the inverse problem in (3.1)
is potentially non-linear because of the constraint fsu € Fyw. By nonlinear inverse problem
we mean that the JFyy-constrained pseudoinverse of 7' is a non-linear operator. As we explain
in more detail in section 4.3, this operator defines the constrained-best-approximate solution
of (3.1).

Remark 4 (Existence of a solution). The inclusion of R(T'|#,,, ) in Fowz guarantees the
existence of at least one solution to (3.1). By using the terminology of inverse problems this

mean that fowz is "attainable".

Remark 5 (Deconvolution). When foywze(c; w, 2,0) belongs to the location family with lo-
cation parameter 0, i.e. fowze(c;w,z,0) = fewz(c — 0;w, 2), then the operator T' can be
written as Th = [ f(c — 0;w, 2)h(0;w)db, Yh € Lfre. In this case, inversion of this operator is
the classical deconvolution problem. Because of this particular structure, one can use special
techniques to solve the inversion problem that are not available for general mixture models, see

e.g. Carrasco and Florens (2010).

3.2 The identified set

In this section, we discuss point and set identification of fgyy. The distribution fow € Fow
will be called identified (with respect to the class Fyw) if

T|fe\w(f9\W) - T|-7:e\w<f9\W> = f9|W = f9|W7 (34)

15



for all fo € Fopw-

Therefore, point identification of fy is equivalent to requiring that the operator T'| Fow 18
injective. The injectivity of 7| Forw depends on the injectivity of 7" but it is not equivalent. In
fact, if T is injective, i.e. N'(T') = {0} where N(-) denotes the null space of an operator, then
T|#,, is injective. However, when T' is non-injective the restricted operator Tz, , may be
injective. This is possible when the domain of 7| Fow 18 sufficiently restricted. We remark that
the element 0 is not an element of D(T'| £, ) even if it is an element of N (7).

The following proposition characterizes the identified set for the operator 7', denoted by
A. We denote by fng the solution of the linear inverse problem foywzo = T fow which has

minimal norm.

Proposition 3. The identified set is the set of all the solutions of (3.1):
A= {he Fyws fown =Th: P —as.} = {fly & N(T)}0 Fy.

If T is compact then

A= {h: f;W T+ Z Cjpj, for {¢;} such that Z Cj/ ©;d0 = 1=Ky A Z Cipj = —fg‘w}

{7:A;=0} {4:A;=0} {4:A;=0}

where Ky = g fg‘w(ﬁ;w)dﬁ.

This proposition characterizes the identified set in terms of quantities that depends on the
SVD of T', which is known, and on fewz which can be easily estimated.

The model is point-identified when A is a singleton. This occurs in two cases:

(i) the operator T is injective, i.e. N(T) = {0}. Then, f;r|W € Fyw and is the unique
solution of (3.1);

(ii) the operator T is not injective, i.e. N'(T') # {0}, but T'|,,, is injective, i.e. (3.4) holds.
In this case we have A = (f5;, + heyw) where hg € N(T) is such that f@(fglw(e; w) +
h(6;W))df = 1 and (fgw + hgyw) is non-negative a.e. on ©, P"-a.s. It can also be the
case that A = feT\W'

The injectivity condition of T' characterizes the strength of statistical dependence among
C' and 6 conditionally on (W, Z). Identification can be obtained even without injectivity of 7.
This shows that identification in our framework is a weaker concept than in the nonparametric
instrumental variable (IV) literature. In fact, identification in nonparametric IV models is
guaranteed only when the operator characterizing the estimating equation is injective, which
corresponds to our case (i). On the contrary, we have identification also in case (ii) and this is

due to the presence of the constraint in (3.1). This constraint makes the estimation problem
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more difficult because the estimation problem is nonlinear when the constraint is binding. On
the other hand, it can help reduce the size of the identified set.

The injectivity of the operator T is equivalent to the requirement that the conditional distri-
bution focwz of 6 given (C, W, Z) is L?-complete, provided that fowz and fo are bounded
away from zero and infinity. The following argument shows this fact. The operator 7T’ is injective
if and only if the only solutionin L2 of 0 = [ feywze(c;w, z,0)h(0; w)d6 is h(6; w) = 0, PV -a.s.
We can rewrite 0 = [ fowzo(c;w, z,0)h(0; w)d0 = [ focwz(0; ¢, w,z)fc‘L((gz)z)h(@ w)df so
that, by definition of completeness, this implies that %h(@;w) = 0, P"-a.s. Under
Assumption 4 this in turn implies that h(f;w) = 0, P"-a.s. since inf.ec fowz(c;w, z) > 0
and supycg fow(0;w) < co. The equivalence between completeness and injectivity was al-
ready remarked in Florens et al. (1990), Florens (2003), Newey and Powell (2003) and Hu and
Schennach (2008).

In our framework, L2-completeness is too strong for identification, since the solution to the
integral equation is constrained to be a pdf. In this case, the following proposition gives the

weakest concept of completeness of fyow, that is sufficient for identification.
Proposition 4 (7-completeness). Let T C L2 x L2 be the subset defined as T := {h(&, Gw,z) €

L2 x L2 for a gwenw € W; [, [qhdfde = 0, PV7 — a.s.}. Under Assumption 4 and if
focewz is T-complete then (3.4) holds.

We refer to Mandelbaum (1987) for a definition of completeness of a probability distribution
with respect to a family of functions 7.

In the following, we present some classes of distribution functions Fejw z¢ for which problem
(3.1) is point-identified.

ADDITIVELY-CLOSED ONE-PARAMETER FAMILY OF DISTRIBUTIONS. Let ©® = R, and
Feywzeo be additively closed, i.e. Yfowze € Fowze and V01,0, € O, fowze(c;w, z,01) *
hew zo(c;w, z,02) = fowze(c;w, 2,01 + 0,), where * denotes the convolution operation. Then,
Fopw is identifiable. Additive closedness of F¢wz¢ depends on the functional form of f. 1 z¢ and
of the structural function ¢ and can be easily checked. In particular, some distributions that
belongs to the additively-closed one-parameter family, and that are relevant for our application,

are the following, see Teicher (1961).

- Type III distributions: fejwze = %Ce_le_zc, c>0,2>00>0o0r fowze =
%02_16_00, ¢>0,z>0,60>0. The role of W and Z can be interchanged.

- Uniform distributions: foywze = L{[Q—g(Z W), 0+g(Z,W)], where g(-, -) is some function
of (Z,W). Therefore, foywzo = 29(2 K0 —9(Z W)] <c<|0+g(Z W)]}. However, for
uniform distributions for which the support does not depend on # we have no identification
of Foyw
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LOCATION-SCALE ONE-PARAMETER FAMILY OF DISTRIBUTIONS. Let © = R, and Feywze
be the one-parameter family induced by foywz via location or scale changes, i.e. Vfowze €
Fewzo, fowzelcw, 2,0) = fewz(c — 0w, 2) or fowze(c;w, 2,0) = fowz(ct;w, z). For the
location (resp. scale) family: if the conditional characteristic function of C' (resp. log C'), given

(W, Z), does not vanish P"Z-a.s. in some non-degenerate real interval, then the class Foyw 18
identifiable.

EXPONENTIAL FAMILY OF DISTRIBUTIONS.

Lemma 3.1. Let us assume that Vi =1,....s, .0; '(w, 2, -, c)lgc‘wze(c) is bounded away from

zero and infinity for every (c,w,z) € C x W x Z, and f.owz © ©; (e, w, 2,0) is of the form
exp{7;(c,w, 2)'m;(0) }hi(0)ki(c,w, 2), i=1,...,s

where for every i =1,...,s, hi(+) is a positive function depending only on 0, m;(-) is a vector-
valued function whose image has dimension equal to the dimension of 6 and each component
s an increasing function depending only on 0. The functions T; and k; do not depend on 6.

Then, if the support of (C,Z, W) has a nonempty interior, Fopy is identifiable.
We analyze now identification in the two previous examples that we have considered.

Example 1 (Continued). Suppose that € ~ Exp(\) with X > 0 a known parameter. Therefore,

the functional equation that identifies fow is
fewz(e,w,z) = / Aexp{—A(c — 2101 — ¢(z2, w)02) }1{c = 2101 + ¢(22, w)02} forwdb
e

where z := (2}, 2)'. The function foowz(¢; " (w,z,0,c);0,w,z) which characterizes the kernel

of the operator can be rewritten as:

faowz(p; H(w,2,0,¢);0,w,2) = XNexp{—A(c— 2101 — ¢(22,w)02)}
= Aexp{—Ac}exp{A[2], ¢(z2, w)]0]}
and satisfies the assumptions of Lemma 3.1 with h(0) = X\, m(0) = 6 = (07,05) is the identity
function, T(c,w,z) = (2], ¢(22,w))" and k(c,w,z) = 1. Then, if the support of (C,W,Z) is
nonempty, foyw is point-identified.
Example 2 (Continued). For simplicity, assume 0y is not random, eliminate the index t and

assume classical measurement error. We make use only of cross-section data for the estimation.

In this example,

Oe

exp (_% <c—¢1w1—¢2(w2;—z)—m(%ﬁ792))2
c, W, z) = , Byw) dvydf. 3.5
Jowz ( ) /@ /202 Frew (7, Bsw) drydfs (3.5)
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Denote by M the support of m(vy,3,02) and by T the support of vv. Define m = m (v, 3,05).

After a change of variable, this integral equation is can be rewritten

c—diw1—Pg(wa+2)—m

fewz (c,w, z) = /M/Pexp (_§< i > f;M|W (v, m;w) dydm (3.6)

2

exp (—% (Cid}lwlwﬁg(wﬁz)fm) ) _ -

= / 5 fur (m;w) (/ f'yIWM (fy,m;w) d’Y) dm
M \/ 270 r

2
exp (_% (cf¢1w1f¢;g(w1+z)fm> >
/M \/2mo?

]?M (m;w)dm

where

- -1 9
Famiw) = f (.m™ (v,m,eg)‘am 0. Ba)|

The joint density of (v, m) is not point-identified because any proper conditional density ﬁ|WM (v; m,w)
1s consistent with the data. The marginal density fM‘W (m;w) is point-identified. The identified

set of densities fygw is the set
~ ~ om
Fraw (. B;w) = faw (m (7, 8, 62) 5w) - fyywar (v, m (v, B) s w) ‘8_7

for some conditional density waM.

3.3 Local Identification

We discuss in this section local identification of fsy by making reference to the results in
[Chen et al. (2011)]. Following [Chen et al. (2011)] (see definition page 4), fow is locally iden-
tified for 7 C Fypw with fou € F, if for all f € F, |[T%,,, (f)|| = 0 implies ||f — fow]|| = 0.
First of all, we stress that point-identification of fyu in the sense of point (i1) of the previous
section, i.e. when T is not injective but T'| Forw does, is equivalent to local identification for
Fopw -

However, it may be that fg is not-identified for Fyy but there exists a set F C Fow
containing fgy for which fg is identified. To see this, it is sufficient to apply Theorem 2 in
[Chen et al. (2011)]. Let A be the linear space generated by differences (f; — f2) of members
of Fow. Remark that T'| Foiw has a Fréchet derivative at the point fow € Fopw with respect to
the norm || - || (in L2,) which is given by the functional T'( fo;w; d) defined on d € A and linear
in d such that

T\ ry (F) = T 7y (forw) — T (forws | — fow) = o([|f — fowl])
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as [|f — fow|| — 0. Moreover, T'(fow;d) is equal to the Gateaux derivative of T'|z, , at fow
in the direction of f € F, i.e. T(fow:f — fow) = T|f0‘w(f — fow). Thus, Theorem 2 in
[Chen et al. (2011)] applies if there exists a F C Fypy containing fouw such that T'(fow; (f —
fow)) = 0 implies f — fow =0, Vf € Fow.

The meaning of local-identification in our setting is that when T| Fow 18 DOt injective then
we can obtain point-identification by restricting further the set in which we are looking for the

solution.

3.4 Economic Discussion

In the Euler equation example, it is important to note that our analysis only requires infor-
mation on foywz. As long as we condition on age (i.e. as long as age is an element of W),
and as long parameters governing aggregate uncertainty have been pre-estimated on aggre-
gate time series data, it does not matter that the cross-sectional distribution of C' does not
contain any cross-sectional variation in aggregate variables. In fact, even in the presence of
aggregate shocks, the distribution of fgx may be point identified if there is enough variation

in idiosyncratic shocks.

3.5 Identification Without Nuisance Unobservables

In this section we briefly describe the case where we do not have ¢ so that fopwze cannot be
recovered as in Section 3. This is relevant in models where all the unobservable variables are
of interest so, ¢ is included in 6. In our setup, this implies that the general structural model
(1.2) reduces to

v(C,W,Z,6)=0. (3.7)

In this case our approach is completely non-parametric and we have two methods for estimating
Jopw-

The first estimation method can be applied only when 6 is univariate and ¢ is strictly
monotonic in #. In this case, a sample of “indirect observations” of # can be recovered by
inverting ¢ with respect to 0: 0; = o~ (wy, z;,¢;), i = 1,...,n where (w;, 2, ¢i;: 6 =1,...,n)
is an n-sample of observations of (W, Z,C). The pdf fpw can be estimated by using any
nonparametric method.

On the contrary, when ¢ is not strictly monotonic in 6, or  is multivariate, we can charac-
terize the structural pdf fg;w as a solution of a slightly different constrained functional equation.

Let Feoywz be the cumulative distribution function of C' conditioned on (W, Z) then,

Fowz(cw,z) = Sfow(@;w) AN foaw € Fow, PV —a.s. (3.8)
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where S : L2 — L2 is a bounded linear operator defined as
Sh = / h(0;w)dd = / {o(w,z,0) < cth(b;w)dd, Vhe L2 andFowz € L2
{05:¢(w,2,0)<c} ©

The kernel of the new operator is g(w, 26, c) = % and the adjoint S* is:

S*h = / Heo(w, z,0) < C}Mh(c;w,z)dcdz, Vh € Ly, (c, z).
CxZ 77—0(9; w)
For this new problem Assumptions 1 and 5 are still required while Assumption 4 can be weak-

ened to

Assumption 4°’. The random variable (C, Z,0|\W) has a joint continuous distribution charac-
terized by its cumulative distribution function Foezw that is absolutely continuous with respect
to the Lebesgue measure with Radon-Nikodym density fcezw. Moreover, the support of fow

does not depend on W.

A sufficient condition for compactness of the operator S is that my and 7., are chosen
such that f@ W—t}d@ < oo and fCX 2 Tededz < oo. When there are nuisance unobservables, the
estimating equation (3.1) can be trivially recovered from (3.8) by differentiating with respect
to c.

The estimation procedure for this case is the same as that proposed in Section 4. Our
estimator defined in (4.2) is valid with 7 replaced by S. We conjecture that the rate of the
MISE will improve since Fyz can be estimated at a better rate than foyw ;. Moreover, the
degree of ill-posedness will not be as severe as in the case where the kernel of T" is exponential.

A complete analysis of this case is beyond the scope of this paper and we leave it for future
research. This short discussion simply shows that our estimation approach is quite general and

can be extended to cover the case where ¢ is not part of the structural model.

4 Estimation

In this section we develop the estimation theory for fg based on solution of the nonlinear
problem (3.1). We call our estimation method Indirect Estimation and our estimator an Indirect
Regularized Density Estimator.

Equation (3.1) cannot be solved directly since fopwz is unknown. In addition, the (gener-
alized) inverse of T" is unbounded. Therefore, we replace fopwz in (3.1) by a (nonparametric)
estimate denoted by f0|wz~ The maintained assumption is that we use a cross section of

observations to construct the consistent estimate fowz.
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Assumption 6. Let (¢;,w;, 2;), i = 1,...,n be an i.i.d. sample of (C,W,Z) that is used to

construct an estimator fc‘wz of foywz such that E||fC|WZ — fewzl|? converges to 0 asn 1 co.

In subsection 4.2.1, we analyze the asymptotic properties of our estimator when foywz is esti-
mated using a kernel estimator. The general procedure can be followed and similar asymptotic

results can be derived for any consistent nonparametric estimator of fow .

4.1 Existence of an Estimated Solution

When one replaces fojwz in (3.1) with a consistent estimator fC‘W 7, 1t is no longer guaranteed
that fC\WZ € R(T) nor that fc\wz € R(T|#,,,) even though, under mild conditions, quz €
Lz . If fo\w z ¢ R(T| 7, ) then, a solution to (3.1) does not exist. Nevertheless, we may define
a generalized approximate solution that solves (3.1) approximately and that also accounts for
two additional issues: the possibility that 7" is not injective and the fact that the solution must
be constrained to belong to the convex and closed subset Fy,. The solution concept that we
adopt is the C-best-approzimate solution, see Neubauer (1988), denoted by f;ﬁzv and defined in
the following.

Definition 2. The C-best-approximate solution feTfW is an element of Fow C L2 , such that

17555 = ferwzll = int {|1Th = fowwzll; b€ Fow } (4.1)

and

H]?(LCWH = min {HhHa |ITh — fowz|| = HngTfW — fewzl| andfgfw € -7:0|W}-
Therefore, the C-best-approximate solution is the least-squares solution on Fy that has mini-
mal norm among all minimizers. It can be shown that f(j\cw =T \}G‘W fc|W 7 where T \}e‘w denotes
the Fyw-constrained Moore-Penrose generalized inverse. We denote feT|CW = T’Tfmw feywz and
our estimator is an estimator of fgﬁxv

When Fyy = Lfro, i.e. we have no prior information on the solution, the C-best-approrimate
solution is simply the best-approrimate solution fJ‘W defined as fGTIW =Tt feywz, where Tt
denotes the Moore-Penrose generalized inverse of T. The C-best approximate solution fgfw
exists and is unique if and only if Q. fowz € R(T)| ]-‘e‘w), where Q. is the metric projector onto
R(T'| 7, ), see proposition 5.14 in Engl et al. (2000). As we are considering infinite dimensional
spaces, these conditions are not trivial and may be not satisfied.

While the C-best approximate solution exists and is unique, it does not depend continuously
on fC|W 7 since, in general, R(T| _’Fe‘w) is non-closed (even if it is convex because Fyy is closed
and convex). As a result, the inverse problem (3.1) is ill-posed. From a practical point of view,
when fowz is replaced by a consistent estimator fC|WZ, the corresponding estimator fgfw is

an inconsistent estimator for fgfw despite the consistency of fC‘W 7.
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One might think that the constraint makes the problem stable. This would be the case
if Fow were a compact set. Unfortunately this is not the case here. Thus, a regularization
procedure must be used to compute a consistent estimator of fng. Because fgfw € Fow, it is
natural to require that the regularized estimator is in gy too.

In order to obtain a regularized estimator of fgﬁ/v belonging to Fypr we use a Tikhonov-type

estimator defined as the minimizer, with respect to h, of
ITh = fowzl* +allpll, b€ Fow (4.2)

where || - ||s denotes a norm to be specified indexed by the parameter s and a > 0 is a
parameter that decreases to 0 at a suitable rate. If s = 0, we have the classical norm in Lfrg
and the estimator is the classical constrained Tikhonov regularized solution.

We call our estimator an Indirect Regularized Density Estimator. Problem (4.2) is nonlinear
and, in general, it does not allow a solution in closed-form except in one case. Thus, in the
estimation procedure we treat these two cases separately: (i) the case in which fgfw = feT\W7 for
which a closed-form solution exists and (%i) the case in which fng #* fHT\W‘ We point out that
the estimators proposed below are estimators of fglcw This means that in the non-identified
case our procedure gives estimators for only one element of the identified set. After that, the

identified set can be estimating by using the characterization given in section 3.2.

4.2 Estimation of fng: a two-step approach

In this section we consider the case fgfw = fQT'W, that is, the best-approximate solution belongs
to Fyjw. This is possible either when 7 is injective or when 7" is not injective but T'| Fopw 18 and
fJ‘W € Fpw. In this particular case we can use a two- step approach to compute a regularized
solution in Fyy that in many cases can be faster than directly solving the nonlinear problem
in (4.2).

First step: compute the regularized solution of the unconstrained problem:

: 7 2 2
min {[|Th = fonz|? + allhl2}. (4.3)

T

For s = 0, we denote the estimator by feofw while for s > 0, we use fglw. In subsections 4.2.1
and 4.2.2 we develop these two well-known estimators, see e.g. Engl, Hanke and Neubauer
(2000) or Florens, Johannes and Van Bellegem (2010).

Second step: we compute the metric projection of fé"‘W (resp. of f98|w) onto the set Fyy .

We denote with P. this metric projector. Thus, the indirect Tikhonov reqularized estimator of

fe\W is
c

Pcf(,o“w = max {O, ngW — 7T_9} (4.4)
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where c is such that | o Pe ngWdé’ = 1. In practice, the constant ¢ cannot be explicitly computed.
For that, one can use the following algorithm proposed by Gajek (1986):
P.—algorithm:

1. Set f;ﬁdo,) = feOfW and k = 0;
2. set f9| alk+) _ max x{0, fe\ } and check Ciy1 = [g f, ;g‘kfl (0;w)dl. If Cryy = 1 stop.
Otherwise:

3. set foun ™ = fow 70 Jo 2 db’

4. set k =k + 2 and repeat 2 - 4 until |Cy41 — 1] < ¢, for € > 0.

The same algorithm works for f(j'W Gajek (1986) shows that f polktl)

of fﬁgy onto JT9+IW and f;“g/‘k,ﬁ is the orthogonal projection of f9|

is the orthogonal projection
k+1) onto ~7:01|W7 where ]:GJ\FW and
F, oW are the subsets of all functions in L2 which are positive a.e. on © and which integrates to
1, P"-a.s., respectively. Step 3 is well defined for each iteration if f® 7}9 df < oo and Cj11 < 0.
In particular, if f@ %dQ < 00 holds, then there exists a unique real number ¢ such that the
P.-algorithm converges pointwise and in norm to P fgy, defined in (4.4).

Condition f@ %dé’ < o0 is trivially satisfied if © is compact and 7y is continuous. For the

case where © is not compact, the condition f@ %d@ < oo means that my must assign high

weights to arguments in the tail of the distribution of 6.

4.2.1 Tikhonov regularized solution

The minimizer of (4.3) for s = 0 is the classical Tikhonov regularized solution:

fow (O;0) = (aI+T*T)‘1T* forwz (4.5)
= Z +)\2 < fowz, b, > (4.6)
7=1

where the second expression is valid when T is compact. This is our first estimator for f(;rm,.
The parameter « is a regularization parameter that converges to zero as the estimation error
( fo\wz — feywz) converges to zero. The Tikhonov regularization method is very well-known
and developed in econometric theory so that we do not detail it here. The interested reader
can refer to Kress (1999, Chapter 15) or Carrasco, Florens and Renault (2007, Section 3).

In the following, we derive the rate of the Mean Integrated Square Error (MISE) associated
with the projected estimator P, ngW. We remark that it is a weighted MISE since the norm is

the norm in Lfrg. We introduce the following regularity assumption on fg\w-
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Assumption 7. For some 3 >0 and 0 < M < oo the structural density feT\W s an element of
the [-regularity space ®g(M) defined as
000 = {sennyts LB )
J J

When M = oo then, &5 = R[(T*T)g]. Assumption 7 is quite standard in inverse problem
theory and is known as a Source Condition. It expresses the smoothness of the function fg\w
according with smoothing properties of the operator 7. As T is a smoothing operator, the
requirement that fng € ®3(M) can be considered as an abstract smoothness condition, see
Engl et al. (2000 Section 3.2) and Carrasco, Florens and Renault (2007). We state in the
following theorem the rate of the MISE.

Theorem 3. Let the Assumptions 4, 3, 6, 7 be satisfied. Then, the MISE associated with
P. fé)\éw i
El[Peff — fii P = 0 (0™ + Bl oz — fewl?).
Moreover, if a < (B|| fowz — fC|WZH2)_ﬁ then,
B[P S — fiiwl? = O((Bll fowz — fewz|F17557).

It is clear from the MISE-rate that a 3 greater than 2 is useless. This is known as saturation
effect and it represents a drawback of the classical Tikhonov regularization scheme. A high
regularity of the object of interest f;\w (quantified by a large value of ) cannot be exploited
in order to improve the rate of the MISE. This is the price to pay for having a regularization
method that is easy to implement and intuitive. When an analyst is willing to assume that
the source fy has a higher degree of smoothness, other regularization methods can be used
to exploit this smoothness. We present one of these methods that exploit higher smoothness
in section 4.2.2.

In the rest of this subsection we provide the rates of Theorem 3 in the case in which fC‘W 7 is
a kernel estimate. Without loss of generality we assume that C = [0,1], W = [0,1]*, Z = [0, 1]".
Let K(-,-) denote a generalized kernel function of order  which will be used in order to avoid
boundary effects (we refer to Hall and Horowitz (2005), Darolles et al. (2010) and references
therein for an explicit definition of K (-,-)). By abuse of notation, we use the same notation for
the kernels for each of ¢, w and z though we allow that they may be different. The order of the
generalize kernel is r = p, = p, = p,,, Where p_, p,, and p,, are the number of derivatives in ¢
(respectively in z and in w) of foywz. By abuse of notation, we use h to denote the bandwidth
for ¢, z and w. Define K} (+,-) = K(3°). Then, the kernel estimator of fowz is
—trmr 2oy Kn(e — ¢, ) Ky (w; — w, w) Ky (2 — 2, 2)

m 4.7
S Kl — 0, w) R — 2,2) 7

fC|WZ(C§wa 2) =
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Assumption 8. Let g;(c1, z1;w) = 9;(c1, 21;w) e (c1, 215w). We assume that

(1) Z;’;Ifm‘/ar(gj(cl,zl;w)]w,zl)dzl < 00

(“) Zjil <f f (gj(CLZl;w)*E(gj(Cl721;w)|w,zl))tr [0 fewz(c1,w,z1) fuu du} dcldzl> < 00

fwz(w,z1) dwow’

The minimax rate of the Tikhonov estimator associated with a kernel estimator of fow 7 is

given in the following Corollary to Theorem 3.

2
Corollary 1. Let p := p,,. Under Assumptions 4, 3, 6-8, if h < n"%E and o < EERGAD
then,

2p(BA2)

inf B[P, Foiw — fi | =< n” @ebEe.

Our rate is increasing in # and p and decreasing in the dimension £ of the endogenous vari-
ables W. We have a curse of dimensionality only in the dimension of the endogenous variables
W. The dimension of the instruments Z does not play any role in determining the rate of

convergence of f< because of the action of T* that integrates out (C, Z).
& o|w g

Remark 6. Assumption 8 is stronger than requiring Var(g;(c1, 21, w)|w, z1) < k1 for all j > 0,
for some constant 1, as demanded e.g. in Carrasco and Florens (2010). This allows to us to get
a better rate of convergence for the variance term of the MISE of fgl‘w If Assumption 8 (i) does

not hold then, we can weaken it by assuming that [ fw—wlear(gj(cl, 21, w)|w, z1)dz; < Ky,

c1,z1,w)—E c1,21,w)|w,z C1,W,2
forall j > 0and [ [ (g; (1,21, )fwz(sgv(zl;)l ) 1))757"[8 fc‘giéqj; 1) [ u K ( )du] deidzy < Ko, for
all j > 0, for some constants x; and k5. In this case the rate of the MISE is slower and equal
to n_%_

We now study pointwise asymptotic normality of the Tikhonov regularized estimator fg“w in
the case where fC|W 7 is computed by using kernel smoothing as in (4.7). For that we introduce

the following technical assumption:

Assumption 9. Let g;(ci, z1;w) = ©;(c1, 215w) ez (c1, 215w) and @; = Pep;. We assume that

%i <aijA2>3//E
7j=1 J

fwz(wl, 21)
fiz/SVZ(w7 Zl)

3
( gj(c1, zi;w) — Elg;(eq, Zléw)|w721]‘ |w, 2’1) | K (wy — w)?

Lemma 4.1. Let Assumptions 4, 3, 6-9 hold, p := p,, and fea‘w be the Tikhonov regularized
A~ 2e
estimator computed by using foywz(c;w, z) defined in (4.7). If o < n~ @R (AT fore>1 and

1
- "5k TER 2(p—p,|wedgep,.)
2p+k — z c
h=mn 2 ,en < max((%%)@(pc/\pz)%),0), then,

\/mpcfg\w(e; w) — fow (0;w)t

00 w) = N(0,1)
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where

Kp(wy; — w,w)] : 7

. )‘? (gj(cr, z;w) — BElgy(cr, 21;w)|w, 21])
Q0,w) = Z m‘/ar[ Forpw. o)

1o Z AN OOU((gj(cl,zl;w) — Elgj(c1, 215 w)|w, z1])

K - Wy )
(a+ A (o + A7) Jwz(w, 21) (= w,w)

(91(01721;@0) — Elgi(c1, 215 w)|w, 21])
Jwz(w, 21)

Ky (wy — UMU)) L9

In order to obtain this asymptotic normality result, we require an a and a bandwidth A that
converge at a rate that is faster than the asymptotically optimal one. This guarantees that the

bias of fg\éw (0; w) is asymptotically negligible.

4.2.2 Tikhonov regularization in Hilbert scales

An alternative estimator to the classical Tikhonov feofw is obtained by minimizing (4.3) with
s > 0. This estimator, denoted by f§|W, is particularly appealing when fgy is highly smooth
and 8 > 2 because it obtains a faster rate of convergence.

The estimator f95|w is the minimizer of (4.3) for a norm || - ||s defined as

lz|ls o= [|L°z]|, Vz € [ DLF).:seR.
where L : D(L) C L2 (f) — L2,(0) is an unbounded, densely defined, self-adjoint, strictly

positive definite operator. The inner product that induces this norm is defined as

<xy>g=< Lz, L’y >, Vx,y¢€ ﬂ D(LF),: s € R.
keR4
The completion of (g, D(L*) with respect to the norm || - || is an Hilbert space usually
denoted by X;. (X;)ser is called the Hilbert scale induced by L. We refer to Engl et al.
(2000,Chapter 8) for an exhaustive explanation of Hilbert scale. Moreover, if s > 0 we have
X, = D(L?). When T is one-to-one we can choose L = (T*T)~!; the corresponding X, is known
as the Canonical Hilbert Scale.
The estimator f§|W is defined for s > 0 and takes the form

fow =L (al + L*T*TL™) ' L™T" foywz. (4.8)

For s = 0, f95|w = fgfw. The constant s controls the smoothness to be introduced into the
regularization process since the estimator fgy is constrained to be at least an element of D(L?).
When L = (T*T)~!, the estimator becomes f(j‘w = (al + (T*T)>* )Y (T*T)*T* fow 2.

For stable reconstruction of the solution fng from an estimate fc|W 7 1t is necessary to add

additional information: (%) information concerning the smoothness of fg\w and (7i) information
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concerning the smoothing property of the operator T'. It is usual in Inverse Problem theory to
formulate this additional information in terms of the operator L previously introduced. We do

this in the two following assumptions; Assumption 10 replaces Assumption 7.

Assumption 10. For some 3 > 0 and 0 < M < oo the structural density feT\W 1s an element
of the set
X5(M) == {f € L7, (0); || fll < M}. (4.9)

When L = (T*T)~" the space X3(M) becomes: X3(M) := {f € N(T)*5: ||fllz < M}
which is equal to ®5(M) if § = g

The operator L defining the Hilbert Scale is usually some differential operator such that L1
is finitely smoothing. Hence, we can think about Assumption 10 as describing the regularity of
the function fg\w in terms of the number of its derivatives. That is, fg\w € Xj is equivalent to
stating that there exists v € L2 (6) such that fg\w = LPv so that fg\w has at least (3 square

integrable derivatives. In practice the parameter 3 is unknown.

Assumption 12. There exists a function ¢ : R, — R, continuous and strictly increasing with
#(0+) = 0 such that:

(i) there exist 0 < m < m < oo for which

ml|[(L- )2 fI| < ||ITF)| < ml[p(L22 || for all f € L2, (8),

(ii) for z = max(s, ), the function 1, : (0,c] — R* defined by ¥_(t) := td(t*/?) with ¢ =

||L=2%|] is convex.

Assumption 12 characterizes the smoothing properties of the operator 7" in terms of the
smoothness of L~!. It can be applied to cases with either finitely smooth or infinitely smooth
operators. This assumption was introduced in the theory of Inverse Problems by Mair (1994)
and Nair et al. (2005). The discussion and results on the rate of convergence that follow
are along the line of these papers. In particular, we can distinguish two cases. (I) Finitely
smoothing case (or mildly ill-posed case) with respect to L: Assumption 12 is satisfied with
o(t) = t*, where a > 0 can be interpreted as a degree of ill-posedness: the greater a is the more
ill-posed the problem is. Then, 1 (t) := t©@+2)/2. (1) Infinitely smoothing case (or severely
ill-posed case) with respect to L: Assumption 12 is satisfied with ¢(t) = exp(—t~%?), where
a > 0. Then, 1, (t) := texp(—t~%(?2)) which is convex on the interval (0, ||L~%?||] provided
1Ll > 1.

When L = (T*T)~', Assumption 12 is satisfied with ¢(t) = /1.
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Theorem 4. Under Assumptions 10 and 12, if o is chosen a priori by

s—8

a o Bl foywz — foywzl)? [?ﬁgl <EHfC|WZ - fC\WzHQﬂ ’

then, we have

Ps te (12 o1 (Ellfowz — fewal)?
EHPcme - f9|WH S 4M wﬁ < m2M?2 )
It follows from Theorem 4 that:

e in the finitely smoothing case the optimal a priori choice for o is a « (E|| fC|WZ —
ats ) . A A 8
feywz||?)«+# and the corresponding rate is E||Pcf;|w—fg‘w||2 = O((E||f0|wz—fcwz!|2)a+5);

e in the infinitely smoothing case the optimal a priori choice for a is o o< E| quz -
228

fcwvz“z[ — 2log(B|| foywz — fc‘WZ||2)} * and the corresponding rate is E||Pcf§‘w —
_28

T2 = O([10g(Bl fowz — fowzl) ] )

Similar rates were previously given in the nonparametric instrumental regression literature
by Florens et al. (2010), Chen and Reiss (2010) and Johannes et al. (2010).

REMARK 4.1. In practice the regularity 3 of the function fpy is unknown, so the a-priori
choice of a given in the previous theorem is unfeasible. On the contrary, a data-driven method
for selecting a must be considered.

REMARK 4.2. In the particular case L := (T*T)~', the rate of the MISE is (E\|f0\wz —

fowz|[?) 25 In order to compare this rate with the rate obtained with the classical Tikhonov
regularization we have to set B = g, so that the two regularity assumptions 7 and 10 on fg\w
are the same. In this case, it is clear that the rate of f§|w is faster than the rate of fng when

[ is larger than 2, that is, when feT\W is highly smooth.

4.3 Estimation of fng: Constrained Tikhonov regularization

When feT\CW #* fHT\W the two-step procedure can no longer be applied. On the contrary, we have
to compute the constrained Tikhonov regularized solution by directly solving the minimization
problem

min ||Th — fowz||* + ol ||| (4.10)

hE.’Fg‘W
A closed-form solution of this problem does not exist and numerical methods must be used to
compute a solution. We denote with f;“;, the estimator obtained from solution of (4.10).
In the case fgfw = feT\W7 i.€. fgﬁy is in the interior of Fyu, this procedure can be seen as
an alternative to the two-step approach and gives an estimator for feT|CW that has the same rate

as computed in Section 4.2.1, see proposition 5.1 of Neubauer (1988).
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In the case fgfw € 0Fgw, the rate of convergence is slower and is given in Theorem (6).
The next theorem, which is valid in both the cases feT\CW = f9T|W and fgfw +# fg‘w, states the

convergence of the solution of (4.10) towards fgfw.

Theorem 5. Let fg“{f{, be the solution of (4.10) when quz is replaced by the true foywz and

Q be the orthogonal projector of L2 onto R(T). Then:

(i) lima—o foyy = fay:

(ii) moreover, if fC|WZ € L% s such that HQ(fqWZ — fowz)|| = Oy(9), for some 6 — 0, if

a— 0 and 6’a" — 0 as 6 — 0 then:
. fa,e  pfe
%12% Tow = Topw-
The next theorem gives the rate of convergence of fgfw for the case fgfw # fng'

Theorem 6. Let fng € 0Fgw and fgfw € PAR(T*T)") for some v € (0,1]. If a =
; A
(Ellfewz — fowz||?)” 751 then:

vAl

Bl = Sl = OBl fowz = fowzl) ™).

The result of this theorem shows that in the constrained case with feT|CW +# feT\W the rate of

convergence is slower than in the unconstrained case and it is at most equal to (EH fewz —
1

fC\Wz||2) 5. In order to get the same rate as in the unconstrained case it would necessary to

add further conditions on the set Fy» and on fg‘cw. Here, we do not discuss this result further
and refer to Neubauer (1986).

5 Monte Carlo Study

In this section we illustrate the small sample performance of our indirect reqularized density
estimator based on Tikhonov regularization for the Lifecycle savings problem described in
Example 2. In our simulation, 1000 agents start at age 21, work for 45 periods, and then retire
obtaining a terminal utility. Income grows until retirement. In addition, in each period each
agent faces a permanent income shock 7,. These shocks are independent over time and across
individuals and distributed as 7, ~ N(0,0.05668). The initial values of income and permanent
shock are set to zero. The interest rate is set to R = 1 4+ r = 1.05 and the true distribution
of 0 = (v, ) has support on [0.1,0.700] x [4.0,0.999] and is a nonlinear transformation of a

normal random variable with mean vector (1,0)" and identity variance-covariance matrix. In
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addition, measurement error in consumption is ; ~ N (0,02) with o2 set equal to 25% of the
the cross-sectional variance of consumption.

We show in Figures ?7-7?7 the quartiles of the simulated Y;, C}, C; and A, for each ¢. For
the estimation, we select one cross section to be used for our estimator. The results presented
in Figures refer to the period ¢t = 40. Recall that in this case the joint distribution of (v, ) is
not identified because they enter the kernel of the operator only as a single index. Instead we

estimate the distribution of

m = 05657 + by (fﬁ).

In the figure we represent an (infeasible) kernel density estimator of the pdf of m (in solid black
line) together with our Tikhonov estimator (in dashed green line) and the MLE estimator (in
dotted red line) for comparison. The regularization parameter « for the Tikhonov estimator

has been set equal to 0.3.

6 Conclusion

This paper develops results on semi-parametric identification and estimation of the pdf of the
unobserved heterogeneity in structural models. We identify the pdf of interest as the solution
of a non-linear inverse problem. The identified set is a convex subset of L2 that can be entirely

(N(

characterized by a convex subset in R#™WN(T)  The estimation methods that we propose are

borrowed by the Inverse Problem literature. Finally, a simulated exercise for the Euler Equation

in intertemporal consumption models shows good finite-sample properties if our procedure.

7 Appendix: Proofs

7.1 Proof of Theorem 1

We start by proving the first part of the theorem. Let us decompose the joint conditional pdf fegwz

on Be ® Be conditional on (W, Z) as fogwz = foywzefopwz and by using Assumption 4 we obtain

fowz(cw,z) = /@foawz(cﬁ;w,z)dQ:/@fo|wze(C;UJ,Zﬁ)fewz(@;w,z)cw
= [ fewzn(ciw. .0) fop (61000 (7.1)

since outside © the pdf fcgwz is zero. This defines an integral operator T' that is defined on the
whole L,.

Now we prove the second part of the theorem. By Assumption 1 there exists a unique ¢ = p(w, z, 0, €)
that satisfies (2.1). Thus, from f.y z¢ specified in Assumption 3 we can characterize the pdf fcjw zg of

the transformation p(w, z,0,-) of €. Let &1,...,&; be a partition of R such that p(w,z,0,-): & — R
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is one-to-one for each i = 1,...,s, for given (w,z,6). Let & = cp;l(w,z,e, )+ R — & be the

corresponding inverse mapping for given (w, z,6). Then,
feywze(c;w, 2,0) Zfam/ze (w, 2,0, ¢);02)|0cp; (W, 2,0, ¢) |15y 44 (€) (7.2)

Finally, since a unique solution in C' to (2.1) exists we have that: 0.V (c,w, z,0,¢) = 0.V (c,w, z,0,€)0-c+
0:-V(c,w, z,0,) = 0 by using the chain rule. Therefore, 0.c = O:-p(w, 2,6,¢) and O-p(w, 2,0,¢) =

0: ¥ (c,w,z,0,¢)
— o (cw a0 We conclude that

1 _ {85\If(go(w,z,9,£),w,z,&,s)} -1
O:p(w, 2,0, ¢)| 0V (p(w, z,0,¢),w, z,0,¢)

dep; M (w, 2,0, ¢)

_ -1
gzgo;l(w’z79’c) 6_902‘ (’LU,Z,G,C)

_ [GC\IJ(c,w,z,G,goil(w,z,e,c))] (73)

85\Il(c,w,z,9,<,0;1(w,2,9,0)) '

By replacing (7.3) in (7.2) and (7.2) in (7.1) we get the result.

(ii) Since fowz € TFgpw then there exists a probability density function hgyy € Fgy such that
feiwz = Thew. To show the characterization (??) we first apply the definition of the identified set
to find the first line in the formula. Then, let {¢;};.,=0 be the eigenfunctions of T*T corresponding
to the 0 eigenvalue. Then, N'(T) = span{p;; Aj = 0}. The intersection (fgw SN(T)) N Fopw is given
by all the functions in <f(;r\W @ N(T)) that are positive a.e. on © and that integrate to 1 on ©. In
particular integration to 1 is guaranteed by choosing z; such that f@ h(0;w) = 1. This is equivalent

to

1 1
<f9|W, >+ Z Zj <<p],—>:1
To J>1,0,=0 6

which gives the result.

7.2  Proof of Proposition 1

First, we remark that an integral operator from L2 , 1o L?TCZ is Hilbert-Schmidt if its kernel is square
integrable with respect to mg X m.,. An Hilbert-Schmidt operator is bounded and compact. We start

by proving that R(T") C L2

2
(i) Under the conditions of the proposition let us compute fc fz f@ f cgze.
6

2 me(0)mey(c, 2
/ / ng\wze (w, 2,0, c);w, z,0) |De; H(w, 2,0, c)\] ISC\Wzo(C)#decdz
CxZ 2

Tez\Cy 2
< / / /Zfs|WZO (w, 2,0, c);w, z,0) 007 ' (w, 2,0, ¢)? lecwzo(c)7g_6)d0d2d9
=1

_ 0,¢),2)
= s (ei;w, 2,0) |0, 0(w, 2,0, & 17z ($(w, 2,0, 24), de;dzdf
Z L e ) 0w, 2,0,2,) e
- / L[ Ptz 0.0) 75005 dg.ag
E\WZG ( )

cz 0
< ((sup |0-p(w, 2,0,¢)|~ 1 / / / €|WZO g w,z,0) Te(p(w, 2,6, €), 2 )dedzdﬁ < 00
€|WZ9

2,0,€) (9)
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where the first inequality follows by the Fubini theorem and the second one by the change of variable
<p;1(w, z,0,c) = g;. The notation S, z9 means the support of the new variable ¢;.

By using the inequality in (3.3), this result shows that R(T) C LZ_. Moreover, it shows that T is
Hilbert-Schmidt and then bounded and compact.

(it) If fowze € L2, x LZ__, PW-a.s. then

Uy

2 Tez(C, 2)mg 1 \
; T — [ — )
/C/Z/ef(nwze(c,w,Zﬁ) Wg dfdzdc < infgmg(e)HfC‘WZQH < 00

7.3 Proof of Proposition 2

By definition, the adjoint operator T* of the bounded linear operator T satisfies: Vh € L2 PRAAVRS Lfrcz,
< Th,p >=< h,T*y >. Thus,

<Th,v> = /C/Z(Th)(c;w,z)¢(c,z;w)7rcz(c,z)dcdz:/C/Z/efC|WZ9(C;w,z,9)h(9;w)d9w(0,z;w)ﬂ'cz(c,z)dcdz
— . . . TrCZ(C’Z) _ *
= /@h(@,w)ﬂg/c/quwzg(qw,z,@)w(c,z,w)Tre(e) dedzdf =< h,T*) >

where the third equality follows from the Fubini theorem.

7.4 Proof of Lemma 3.1

For simplicity we consider the case where 6 is one-dimensional (the multi-dimensional case can be
recovered in a similar way). Let us suppose that T'¢(0;w) = 0 P"-a.e. for some function ¢ € L2 9(9).
Then,

T¢ = /@Zfa|owz(<ﬂi_1(w7279,c);9,w,z)\&cwi_l(w,z,e,c)y(p(e;w)dg -0
=1

implies

/ f€|9WZ(goi_1(w, z,9,c);0,w,z)\@cgoi_l(w,z,@,c)\¢(9;w)d9 =0 Vi=1,...,s.
S

Then, Vi = 1, ..., s we have:
0=7¢ = [ explrile.uw. mi0)ha0)ks(e, . 20001 )0 . 2.0.0)}d0
- /@ exp{T4(c, w, 2)ma(8) Vi Ok e w, 2)B(05 w, 2, ¢)|d6
= /@eXP{ﬂ'(Cawa 2 hi(m; ™ () ki (e, w, 2)d; (my ™ (p); w, 2, €)dmy ™ () = 0

where we have used the notation ¢;(6;w, z, ¢) := ¢(0;w)|de; (w, 2,0, ¢)| and the change of variable

m;(0) = p;. Moreover, since dm; ' (11;) and h; are positive functions, we can define a measure v;(dy;) =
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hi(m; () dm; ™ (p;)dps;. Thus,
0=T0 = hilevw.2) [ exprile.uw. kim0 .z vl
= kilew.2) [ exp{ri(ew )Gz, (du)
= k(e [ explritew 2 . ovidng)
— [ explri(ew, sz (i)
= klew.)( [ exolrtew pd Fldn .z, = [ exolrew )Gl )

where Cz(lu’mwazac) = éi(mfl(ui);w,z,c), Fl(diu’zawaza C) = Cj(umva?C)Vl(diu“z): Gl(d:uzawaza C) =
¢; (uj;w, z,¢)vi(dp;) and , for a function h, k™ and h™ denote the posterior and negative part of it,

respectively. It follows that

/ exp{ri(e, w, )} Fildpus; w, 7,¢) = / exp{ri(e, w, ) }Ci(dius; w, 7, 0)
(C] (C]

that is, F; and G; are two measures with the same Laplace transform. Then, they are equal. This
implies that ¢;(u;w,2,¢) = 0 and then ¢;(6;w) = 0 for PW-almost all w € W since d.p; * (w, 2, -, )
is bounded away from 0 and oo V(c,w, z) € C x Z x W.

7.5 Proof of Theorem 3

First, since ||P.|| < 1 we have:

EllPefgi — Fiopl® = BIPiw — Fuw)I> < BIPPEI g — Fywl > < Bl i — >

We develop here only the proof for the case with T" compact and we refer to Engl et al. (2000
Section 5.1) for a proof in the general non-compact case. Let fgfw = (ol + T*T)_lT*fC|WZ, then

Ellfsiw — faw Il < 2Bl fgw — foiw!® + 2Bl f5hw — fwll? == 2(A1 + A2). (7.4)

Term A; is

Ai = Bll(ad + T T) ' T (forwsz — fow)IP? < (@l +T*T) THPE((fowz — fow)|l?

2
j SR )
= sup Y —o—<u,1; >’ E _
||u||21 - (o + A2)2 W (fewz — faw2)ll

N NP 1
p (a+]>\j2)) Ell(foywz — fowz)|)? = %EH(fcwz — few2)lI>
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Next, we develop term Aj:

Ay = Bl|[(al + T*T) ' T* foywz — fow|* = Il = (al + T*T) " T*T] fow |
_ R | 2 22 oW ¥j
- HO‘(O‘I"FT T) f9|W|| a+ )\2 )\25
A 2 < fe i >2 5(2— /3)2 B
< o2 S SW T T o (BT P 88 <
< « (sup (oz—i—)\Z)) j )\55 <af B5°Q if <2

since f;['W € ®3(Q) under Assumption 7. This shows that EHfng —f;erHQ = O(a6A2+éE||(fC‘WZ—
fC‘WZ)HQ). If we choose « such that a®"? < éEH(fC‘WZ — foywz)|I? then, we get the second result
of the Theorem.

7.6 Proof of Corollary 1

Following the decomposition (7.4) in the proof of Theorem 3 we only have to deal with term A;:

o0 oo

Fa e% 1 *x/ 1
Bl fw — fowll? = ZWE<T (fowz — fowz): ¢; >2=Zm[
=1 =1 J

Bias? + Variance]
where E is the expectation taken with respect to fowz. We start by approximating ( fC|W z— fow 7)
by a Taylor expansion of the first order. Let P := W Yoy Kp(ci—ec, o) Kp(wi —w, w)Kp(zi— 2, 2),
P = fCWZ(c w,z), Q = WI_HCZ? 1Kh(wl —w,w)Kp(z; — z,2) and Q := fwwz(w,z). Then, g =
Q +5 ( QQ) + &, where &, = O,((P — P) 4+ (Q — Q)). Then, by denoting C = [0,1], Z = [0, 1]},
W =[0,1F and [ = szl [Zjh_l,%]], we have
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o0

o 0 e 1 . L o P moz(czw) 2
Ellfow — fawll™ = ;WE<< : Cfcwze(c,w,z,H) <P_§Q)7'w)d6dz"pj> )+€n

= S o™ e s >~ ([oes )~ Bl w2

J=1

hPe HPe ~ N 2
+ P [gj(c, z; w)}0u>Kh(wi —w,w)Kp(z — z, z)dz) +én

DY 1 [gj(ci’z“w) — E(gj(c, zi;w)\w,zi)] |
) le <a+A?>2E(nh’“ > fwz(w,z) Fonln =, )
1 - p Pz (g (Cuz w) E(g‘(c zi;w)]w,é))
+pZ'nhk; [hp /Hz (Zuj Oz ) [ : fwz<’ujj 2) ]K(U, 2)du X
hPe 9Pe

2
Kp(w; —w,w) + [gj(é, 2 w)}aiKh(wi —w, w)]) + en

pc!fWZ(w7 z;) Ocre

[e'e) )\2 2 2 [e'e)
= ZME(AijeijCJ) e < =Y B(43 423 4+207) 4y (7.5)
j=1 J j=1
where g;(c, z;w) = (¢, z;w)Tez(C, 2;w) f[c e 2K (u,c)du, ¢ € [c;,c; + hu] and Z lies on

the line segment joining z; and (z; + hu). Moreover, p. and p, denotes the number of derivatives of

o0
Jj=1 (a+)\2)
and it is negligible with respect to the other terms in (7.5) under Assumptlon 8.

fewz in C and in Z, respectively. Term ¢, is given by €, = >~ E < T*€.(c,w,2), p; >2

We start by computing the bias and variance of Aj; it will result clear that the bias and variance of

the other two terms ¢; and C} are negligible. The bias of A; is of the same order as E(A;) where

gj Czazz; gj\Cy 24, W) |W, 24
E(Aj) = hk Z/ / / J fWZ( J( )‘ )Kh(wz —w,w)fCWZ(ci,wi,zi)dcidzidwi

(w, z;)

_ //g] Ciy 24, W (g](c’mzlv )|w7zi)
fWZ(UJ,Zz)
0 \r
X o uy=—— | foewz(c,w, z) K (u, w)dudc;dz; + O(hP)
fi e (S

Jj=1 h

after having applied a Taylor expansion at the order p. The first (p — 1) terms in the expansion are

equal to 0. The Variance of T fC|W 7 is approximately equal to Var(A;) which is of the order

1
Var(A;) < thzkzz:/ /WVar(g](cz,zl, w)|wi, z) K2 (w; — w, w) fwz(wi, z)dzidw;
_ 1 / o2 (w zi)dzi/ K (u, w)du+(9( )
8 L e [ "

where a?(w, z) = Varlg;(c;, zi;w)|w, z;]. Going back to formula (7.5), under Assumption 8 the first
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2
part 222, W;\WE(IL@) of this expression is bounded above by

wzZ
< f§ % E?(A;))) = Ej dz
- ar(4;) + B7(4; omh’“ / Twz(w, z) / K

j=1

[w‘_l wj] K2(u,w)du +

h " h

2h2f’ >

1
s </c/zmz<w[gf<w“w> - Blalen ziwle. 2}

k
/Hf_l {wrl,%} (]/zzjl uj'&if)prWZ(Ci;w, z:,')K(u,w)dudcialzi)2 + O(ar}hk + h;p)

[0

where the last line is true under Assumption 8. From this result it is clear that the terms in (7.5)

depending on €; and Cj are negligible with respect to E(AJZ) Finally,

Fou «a 2 1 — 2 2p 1 h? 1 1 2p
Bl itw = Jaiwll” < a; i) 4 O ) = 05 (o )).
It can be shown that this rate is uniform over F and it is minimized for h = niﬁ, so that
A~ 2
sup g infy, EHfng - fg“‘WHQ = O(én_ﬁ) >From the proof of Theorem 3 we know that the bias
A~ 2
is of order o. Hence, sup zinfy, E”fgfw - fg|w||2 = (’)(amzén_ﬁ) and the value of a that mini-

~ —72‘) .
mizes EHfng - fg‘WHQ is a xn @+H@EA2+1) | This concludes the proof.

7.7 Proof of Lemma 4.1

We want to determine the rate €, and the function (6; w) such that sn(PcngW—fgﬁ,V) = N(0,Q(0; w))
for a fixed value of (;w). We use formula (4.6) and the decomposition Pc(ngW — fow) = Pc(fao“w -
fa\w) +P. (f9|W f9|W) where fe\w (al + T*T)_lT*fC‘WZ. First, we make the following develop-

ments:

<T*fowz ¢; > = /@/Z/Cfcwze(c;lU,Zﬁ)fmwz(c;w,Z)Sﬂj(e)%z(c;Z)dCdZCw

= [ [ towatew gy e siwydeds = Ay
where g;(c, z;w) 1= 1;(c, z;w) ez (¢, 2;w) and

/ / / nhl+k+1 Zz 1 Kh( - ¢ C)Kh(wi - w,w)Kh(zi — z,z)
nhi+k Yoy Kp(w — w, w)Kp (2 — 2, 2)

><fC|er(C'w 2,0);(0)7cz(c; z)dedzdf

— )\j/ nhl+k Zz 193(Cuz w) Kp(w; —w,w)Kp(2 — 2,2)

z — 7 2oty Kn(w — w, w)Kp (2 — 2, 2)

hmx/ m Z?=1 ngzpcc 19, (& w, 2)| Kp(w; — w)Kp(z — 2)
heel™ )z — 1 Doy Kn(wy — w)Kp(z — 2)

= 1211]' +fl2j

<T*foywz,¢j >

dz +

dz
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where o2 f[c ufe K (u, c)du, ¢ € [c;,¢; + hu] and p, denotes the number of derivatives of fow 2

in C'. Therefore,

2
h

[e.9]

PC<JE90TW - f(;l|W Z T )\2 Alj AlJ ‘P] + Z o+ A2 A2J‘Pg = Ay + Ay (7.6)
j=1 « j=1 J

where ¢ 903 = Pep;- Let P := th oy gilci zw) Kp(wi—w, w)Kp(zi—2, 2), P = [, fewz(c,w, 2)g;(c, z; w)de,

Q= W Yoy Kn(w — w,w)Kp(2z — 2,2) and Q := fwz(w, z). By a Taylor expansion of the first

order, we have: g = g + é(]?’ - g@) + &, where &, = 0,((P — P) + (Q — Q)). Then,

A = i ijA§<L(g—g)dZ)¢j
1

where €15 and e2; can be further developed as:

1
G = o Z o, zy 0 0 73 ) K =)
p=1(g5(ci, Z3w) — E(gj(c, zisw)|w, 2)) o
S () [ SNy,
= €3J + E4j,
gj CZ7ZZ7 ’Z’La }
i = E K . — W,
£2j nh’“ fWZ w Zl) h(w w w) +

lnh"? Z/ Z g’ 9z ,>pz[ il Fiw) = Bt Zi;w)|w72))]K(u, 2)duKp (w; — w, w)

Jwz(w, 2)

= €55 1 €65

where [[; = Hé-:l [%, %J], Z lies on the line segment joining z; and (z; + hu) and p, denotes the

number of derivatives of fow 7 in Z. Then,

j)\ (€35 + €45 — €55 — €65)P; + Z A2j<p] + op((nhk) 12 4 hP!P=)

[~]¢
Q
+ >

Pc(ngW - fgo\éw) =

<
Il
—
.

(e3j — €55 — Bles; —€5)) @5 + (7.7)

I
+ >

Q

A5

<
Il
a

ky—1/2 A
a—i—)\? (E(esj —e5;) + €45 — €6;) "y "‘jz: +)\] A2JSOJ + op((nh™)~ /2 4 hp Pz).

R

<
Il
—

(7.8)
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It is easy to see that the terms in (7.8) are asymptotically irrelevant under Assumption 8 if Vnh¥hfe —
0 and Vnh¥hP= — 0. Therefore, we only have to prove that the term in (7.7) is asymptotically normal.

For that, let us notice that we have a triangular array:

Ly LN~7 S -
D AR T i e 0
with : Z,; = i Aj 1 [g'(c' zinw) — Blg; (¢, zi;w)|w, 2] | Kn(wi — w, w)@,.

" — o+ A2 hE g (w,z) 7T S i i T W, W)

We have to check the Liapounov condition: Y 7  E|L,|>*® — 0 as n — oo for some § > 0 where
Zn'L

ﬁ By using the Cy-inequality we obtain
nVar(Z,i)]2

n
ZE\Lm’!QH = [nVar(Zm)| T DnE| Z,, 2
< nvar(an)]7(1+5/2)n25+1(E‘an|2+5 + ‘E2n1‘2+6)
(an)]_(l+6/2)n25+l(E‘Z |2+6 + E‘Z 1‘2+5)

Va?"(an)]_(1+5/2)7’L_6/225+2h 2+(5 E|hk |2+(5

WV ar(Zy)] 002 (i) /2252 (1 2 ).

IN
== =

<

S

3

Since nh* — oo the Liapounov condition is satisfied if we show that h¥Var(Z,;) is bounded from
below and E(%Mkznl\%é) = O(1) for some ¢ > 0.

AjA -
Var(Z,1) = th +)\22 Mp] hkz OH_/\Q a+)\2) O51P;¥1
with

1
0jj = /ijj(w,Z1)d210uw+O(hk)

1
/ m&}]l(w, Zl)leUuw + O(hk)

where oy = | X [w . J} K2?(u,w)du, wjj(w,z1) = Var[g;(c1, 21;w)|w, 21] and
Jj=1 h ' h

wji(w, z1) = Covlg;(c1, z1;w), gi(c1, 21;w)|w, z1]. Because h*Var(Zy,1) is a sum of positive terms it is
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bounded from below. Next, we develop E(hik|hk2n1\2+5 for § = 1:

1 ~ 1 e\ [gi(c1,z1;w) — B(gj(cr, 215 w)|w, 21)] 8
E(— thn 3 - E 7‘ ] J s <1 bl s #1 ; K _ ‘
(hk‘ 1‘ ) (hk jz::l a+ )\? fWZ('w72'1) h('wl U}yw)(pj )

IN

2 L L | |
w2 () Lo J o) —Blay e mswo 0] 1 =)

fewz(er,wi, 21)
f[%VZ(w7 Zl)

L=/ A 3// 3
= 7% E ‘ j ’ ) — E(g; ) 5 ) ’ ’ X
w2 (G55) J  Elloten 2 = Blgen 2 o )

deirdwidzy (,ND? + cross product

|3fWZ(U/1721)
f{%/z(w’ Zl)

The cross products are dominated by the first term, then from Assumption 9 it follows that the

| Kp (w1 — w, w) dwidz gbg-' + cross products.

Liapunov condition is satisfied for § = 1. By the Liapounov Central Limit Theorem (see e.g. Theorem

2.7.2 page 101 in Lehmann (2004))

kn =1~ 1
nh 0. 0) = N(0,1)
where
A (gj(c1, z15w) — Elgj(e1, 21;w)|w, 21])
Q0,w) = ) Var| 22222 I L Ky (wy — w,w) | @2
o ;(a+/\?)2 [ fwz(w, z1) e ) @i
0 VSN . . — Elg. .
Z 2] l - Cov((g](chzl’w) [g](cl’zl’w)’w’zl])Kh(wl—w,w),
i<l (Oz—i—)\])(a—l—)\l) fWZ(waZ].)

(gi(c1, z15w) — Blgi(c1, 215 w)|w, 21])
fwz(w, 21)

Kp(wy —w, w)) iP1-

Finally, we have to consider the bias term P, fﬁw — f;rlcw. This term is of order &®/2 and disappears

after multiplication by vnh* if & and h are properly chosen. Moreover, h must be selected so that
_ 2pe

vnhkhPe — 0 and Vnh*hP= — 0. The first result is guaranteed if o < n~ B+D@+% while the second

1
result is guaranteed if h < n~ 2+5 T with g, < 0 if (p, A\ p.) > p and with €5 < 0 chosen such that

2(p—=(p2/\pc))
20+k)(2(pcAp.)+k)

7.8 Proof of Theorem 4
Since || P;|| < 1 we have:

EllPefjw — fi P = ElIPFw — S I? < BIPAPEN i — Sl > < BN — £l

Then, we apply Theorems 4.3 and 5.2 in Nair et al. (2005) with EHJEC|WZ — fC|WZH2 = ¢ in their

notation. We refer to this paper for the proof.
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7.9 Proof of Theorem 5

(i) See proof of Theorem 2.4 in Neubauer (1988).

(ii) See proof of Theorem 2.7 in Neubauer (1988).
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